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NATTONAL ADVISCORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 1769

THE FLEXTBLE RECTANGULAR WING IN ROLL AT SUPERSONIC FLIGHT SPEEDS

By Warren A, Tucker and Robert L. Nelson
SUMMARY

The problem of the loss in rolling effectiveness at supersonic flight
speeds is considered for the case of the rectangular wing. ZEquations are
obtained from which can be calculated either the loss in rate of roll due
to flexibility or the torsional stiffness required to maintain a given
rate of roll, for two assumed variatlons of the spanwise distribution of
torsional stlffness

A computatioh form and figures are provided so that calculations can
be mede without reference to the details of the analysis,

INTRODUCTION

The problem of the flexible rolling wing in subsonic flow has been
dwelt upon by many investigators, who have devised numerous methods of
solution., References 1 and 2 were found valuable in the preparation of
the present paper; reference 1 notee several other useful papers. So far
as the domain of supersonic speeds is concerned, however, little work
has been done on the problem.

The fundamental relatlons between thé aerodynamic and the elastic
forces are, of course, vallid for any flight speed. The aerodynamic forces
themselves, however, are critically dependent on the flight speed because
of the vast difference in flow behavior between the subsonic and the
supersonic regions. Any solution of the aerocelastic problem at supersonic
speeds, then, must consider aerodynamic forces calculated by the various
methods peculiar to the supersonic zone.

As a firet step toward a solution of the problem, a treatment is given
of the relatively simple case of loss in rolling effectiveness of the
rectangular wing with constant—chord ailerons extending inboard from the
wing tips. (See fig. 1.) The methods used are in general based on the
linearized equations for supersonic flow., Due consideration is given to
three—dimensional effects., The torsional stiffness of the wing is assumed
to vary either linearly with the distance outboard from the wing center
line or as the cube of this distance,
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Because of the relative complexity of the equations involved in the
analysis, a computation form and figures are provided from which calculations
can be made without reference to the details of the analysis,

SYMBOLS
A aspect ratio (b/c or b2/s)
b wing span
bg total aileron span
c wing chord
' Cq aileron chord
S wing area (bc)
8 semispan (b/2)
y distance out from wing center line (see fig. 1)
M free—stream Mach number
BE\}M2—-1
V4 ratlo of specific heat at constant pressure to specific

heat at constant volume (1.40 for air)

Po , free—stream static pressure

q free—stream dynamic pressure <§ P >

P ’ 1ifting pressure

cP 1ifting-pressure coefficient (P/q)

Cpco additional two-dimensional lifting—pressure coefficient
“due to aileron deflection (L43/B)

o} deflectlon of one alleron |

6 angle of twist at any spanwise station

er angle of twist at reference station (midspan of aileron)

pb/2V wing-tip helix angle
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- _ P ‘ rolling angular velocity
v : free—gtream velocity
rolling moment
rolling-moment coefficient (1/qSb)

rolling—moment—effectivenéss coefficient for two ailer—
BC€)
ons (21

0%
A oCy
demping~in-roll coefficient N
d =
2V

‘ oC
rolling-moment—-loss coefficlent <§El>
T

8
torque at any spanwise station <df m.d%)
' : y

pitching moment about midchord at any spanwise station

T

de/fiy>

torsional—gtiffness parameter <

torsional—etiffness parameter (T/6)

torsional-stiffness parameter at reference station -
(midepan of aileron)

congtant of proportionality for stiffness distribution

congtants of proportionality for twiet distribution

tralling—edge angle reduction factor

disturbance—velocity potential

Cartesian coordinates parallel and normal, respectively,
to free—stream direction (see fig. 13(a)), for field
points

Cartesian coordinates parallel and normal, respectively,

to free—stream direction (see fig. 13(a)), for source
polints




N NACA TN No. 1769

¢/ oy \T C
—pla_>5 b_a>2

2 N3 L

R, =14 E& - lé 2§> +5 <E§) _ (PQ>

2 b 2 \b b 16 \'b

Subscripts:

R rigid

0 sea level

1,2,3 used with ¢ and Cp to indicate various regions
of wing

A1 angles are in radlans, unless otherwise specified,
ANALYSTIS

In a steady roll, the resultant rolling moment acting on the wing
is zero. This statement can be written in equation form as

pb =
BCysd — (—Bczp) 5%~ BC1g fr = 0 (1)

where BC-L6 1s the rolling-moment—effectiveness coefficient of the ailerons,
BClp is the damping—in-roll coefficient, and BCZQ is the rolling-moment—
r

loss coefficient resulting from the flexibility of the wing, The quantity B
is retained merely for convenience in the subsequent analysis. The positive
sign is given to the quantities BCZS, —ﬁCzp, and BCZG .

T

The following equations can be written from equation (1):
2}
— BC o
pb /2V 5~ P lg, ©
o) '—BCZp

BC

(2)
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ob /27 BClo. o, | |
—_—————— =] — — . (3)
(pb/2V)g BCig B

Equations (1) to (3) are applicable to flight at either subsonic or
supersonic speeds. The problem, then, is simply to determine the values
of the various quantitles at supersonic speeds. For a given wing-aileron
configuration, equations for BCZ5 and -BCZP can be found from refer—

ences 3 and h, resgpectively. The remainder of the analysis is devoted to
the derivation of expressions for the rolling-moment-~loss coef—
ficient BCZQ and the twist parameter er/s. Those readers who are

T

more interested in the application than in the derlivation are advised to
turn to the section entitled "Computation Procedure and Discussion.”

Torque.— A knowiedge of the spanwise distribution of twist 6 1is
necessary for the determinetion of elther BCZQ or 6./8, The twist
. : r

at any section is found from conslderations of the aerodynamic torque and
the elastic forces acting on the wing., The aerodynamic torque is assumed
to result solely from the moment about the wing midchord line of the
pressure resulting from aileron deflection. This assumption implies that
the centers of pressure of the 1ift forces resulting from rolling and from
twist are so near the elastic axis as to contribute only a negligibly smsall
twigting moment. Because the elastic axis of a rectangular wing designed
for supersonic speeds would be expected to lie near the midchord line
(mich as in the case of a subsonic wing, where the elastic axis and the
line of aerodynamic centers are not too far separated) and because the
centers of pressure of the forces resulting from rolling and from twist
are near the midchord line, the assumption appears reasonable. In
addition, the loads caused by aileron deflection are assumed to be
independent of wing twist, and the aileron itself is assumed not to

twist, An important result of making these assumptions is the elimination
of any necessity for using a successive approximation method,

The aerodynamic torque T at any spanwise stgtion y is simply the
total moment acting outboard of the station. That is,

T = / m dy (4)
y

whereé m 1g the pitching moment about the midchord at any station and
ig assumed to result solely from the pressures caused by alleron
deflection, These pressures were taken from the equations given in
figure 2(a) of reference 3. The resulting equations for the torque were
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very cumbergome; therefore, the exact expresslon was approximated by two
simple expressions, one representing a constant torque over the part of
the span inboard of the aileron (the value of this torque was taken equal
to the greatest value glven by the exact expression) and the other repre—
senting a torque decreasing linearly along the alleron span to zero at
the wing tip. The approximate equatlion for the torque per unit aileron
deflection inboard of the aileron is

T

B
= = a
b
where O S % $1- 7? and the approximate equation for the torque over
the aileron span 1s
T _ _Bb (1%
-3 (-3 (50)

g <
‘b=
from the exact and approximate equations is shown in figure 2 for a
particular configuration and for two values of B. The same degree of
approximation can be expected for other configurations. The principal
factor governing the closeness of approximation is the value of B;

as P increases, the approximation approaches more closely the exact
variation.

where 1 — § 1. A comparison of the torque distribution obtained

@l

Twigt.— The twist 6 at any spanwise station y can be expressed
as

[T ae
Q_L/;dydy (6)

therefore, if an expression can be found for d0/dy, the twist can be
calculated.

Now the torsional stiffness of the wing at any spanwlse station can
be represented elther by the quantity GJ or by the quantity mgy, where

.
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If the expression for GJ is integrated, then

o My
T o GJ
or
g o GJ
so that 1f, for example,
Ak |
oy =k
then | L (9)
.
g KY.J
and if
L -
£ =k
L =P
then - > (10)
1 -k 3
mg =37

These results are of use in the subsequent analysis.,
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Consider the parameter GJ. From equation (7)

(11)

a0 _ T
dy GJ

Substitution of this expression in equation (6) makes possiﬂie the
calculation of 6 at any point along the span.

The twist was calculated for two assumed spanwise variations of
torgional stiffness. The first é% =k Gn' ﬁ%-« ) 18 known to be
repregsentative of many small-scale models used in free~flight supersonic
resea;ch. The second é? = ky2 <§r ﬁ; « y3> is typical of many subsonic

fighter alrcraft. (The degree of applicability to future supersonic
aircraft can only be conjectured.) The procedure outlined can be used
to obtaln equations for other stiffness distributions. The following

equations are the results of the twist calculations: For éj = k,
0 By
=% a (12a)
kCp ch3 2B s
o
<3< bg
where 0SS >SS 1~ 2 and
8 b -
2 b\ 2
6 - = Bba{g%—(% —<—-59->} (12b)
b
—.a< < 1 - 12
where 1 — =% 3% 1. For &5 ky=,
— B <z>3 (132)
kCp gb3c3 24P \s
o0 .
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9
3 4 b>1‘
8 _ B ¥\ \' B
w6 @) - - (13v)
P 3
where 1-3@5121'
b 8

The twist may be expressed more conveniently as the ratio of the

twist 6 at any station to the twist 6, at a reference station, taken
' b
at the midepan of the aileron (% =1 —-% 7%). From equations (12)

for &: k,

n
o
o
>
wid

"(lha)

b
where Oégél—?a- and

i

£-3 -0 -6-%] )

01 2
")
A
w4
A

vhere 1 — 1. From equations (13) for % = kyz,

8

_ Ma/p (y>3

b _
er RE

(15a)




10 NACA TN No. 1769

3 I b)”
8 - LYY —3(L) ~[1 -2 :
5; TR, l+(s) 3(5) (} b (15v)
ba<y<
where 1 ——5—-= s = 1.

Although these expressions for the twist are not complicated, the
use of a single twist equation which applies over the entire span results
in a conslderable saving of effort when evaluating the rolling-moment
loss due to twist. For this reason, equations (14) and (15) were

approximated by the following expressions: For é} =k (or i; « y),

b
a 2
12 — =
o oMy b /Z> (168)
6,. b 8 b_\8
8 - 52 8—5—5&
b
y 1 2 1
where 0 5 $1 and for a3 = ky (or 55-« y3>,
2
8t (Z) (16b)
6y 2\s
b
1 — 17
2 Db
where 0 S % < 1. These approximations are compared with equations (14)

and (15) in figure 3 for two values of bg/b.

Rolling—moment—loss coefficlent BCZG .— With the twist evaluated,
r

there remains the problem of determining the rolling moment resulting
from the twist, Equations (16a) and (16b) can be rewritten, respectively,
as



b
12—!+—§'~ ' 5
0=[2— 2oy [ L g\y (17a)
b ’ba b28 p T
8—5? - 53

y | (1)

A Cr
2 2
P 1 — l.Eé

2 b

from which the twist 1s seen to be represented by two components, one
linear with respect to y and the other parabolic with respect to y.
The rolling-moment coefficient resulting from a linear twist has been
evaluated in reference It and may be written as

\

W
Bo, = LD
1 v 2

wl
'._J
|
ojw

(18)

where wl/V is the coefficient of the y—term 1in the twist equation. The

rolling-moment coefficient due to a parabolic twist 1s derived in the
appendix and is '

W, L 2 ,
BC, = 2pl|;_2,2_1 _1_1 1
vV 4 2 3

(pa)*

(19)

where w2/V is the coefficient of the ye—term.in the twlst equation.

If the expressions for wy/V and wp/N from equations (17a) and (17b)

are substituted in equations (18) and (19) and if the derivative is
taken with respect to 6y, then after some simplification the following

1 _ 1
equations result for Gy = k {or 55 a;x),
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BC = L [; _2 PR SN D S jg 1
1 2 n
o g-sal® S (m ® a1 (pn)
b
b 11
i Fit R PR e e
8-5—1—?- -(BA) (A)
and for éj = ky2 (or ﬁ; @ y3>,
ac _ 1 1—-£+%-—1———l 1 1 11+ (21)

()" ° a8 (pa)

Twist parameter er/S.— The twist parameter may be evaluated directly

in terms of m ‘, the torsional stiffness at the reference station
r

(aileron midspan), from equations (12) and (13). The value of k is
found from equations (9) and (10), and if the value of Cp is taken

conservatively as U45/B (the linearized~theory result), then the following

expressions are obtained: For . y (or iL-=k>,

Bq 2BR1

Gr - b3

S b D
° o (e’ 221 -2 2y

(22)
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l .
and for s y3 ’<or é% = ky2>,

BR

Ty, (BA)3 b é-l?&f
‘ 2

(23)

m‘éb
s
(@8]
o
K
o

-2
b b

COMPUTATION PROCEDURE AND DISCUSSION

The solution of equations .(2) and (3) is most easily carried out
with the aid of a computation form such as that shown in table I, which
is largely self—explanatory. The various quentities to be entered in
the computation form are read from figures 4 to 11; in figures 6 to 11
is noted the source of the data presented. The quantity PBA, which is
the sbsciesa for most of the figures, ig found from figure 5 for any
value of Mach number and aspect ratio. The quantity PBq can be found
either directly from table II for certaln selected altitudes or from
table IT and figure 4 for intermediate altitudes.

The determination of the rolling—momént—effectiveness coefficient BCZ6
requires some discussion. When F =1 the values of BCZa/F given in

figure 6 represent linearized—theory values. The quantity F (see fig. T)
ig a reduction factor which takes into account the finite trailing—edge
angle of the aileron. The value of F was obtained by taking the value
for the first two terms of the thickness reduction factor glven in figure Y
of reference 3. Some recent experimental evidence indicates that,
presumably because of boundary—layer effects, the use of the first two
terms gives results which are in closer agreement with experimental data
than are results obtained by using the complete three terms. Although

the factor F is strictly applicable only to flat-—sided ailerons, it can
be applied to other ailerons with 1little loss in over-all accuracy by
estimating an effective trailing-edge angle.

An explicit solution for the reversal speed is difficult because of
the manner in which PBA enters the quantities involved. The reversal
speed may be found by a method similar to the one used in reference 5 to -
indicate divergence speed. Often, however, thevariation of the rate of -
roll through the speed range is of more interest than the reversal speed
alone; if this variation is calculated by use of table I, the reversal

gpeed is automatically given, 1f reversal occurs, Becausqbigvthe linear
dependence of 6,/8 on 1l/mg . and q, the values of 22/ found

r (pb/2V)

v b R
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from table I for specifled values of stiffness and altitude can be con—
verted easlly to give results for other values of stiffness and altitude.

Often a solution is desired for the torsional stiffness required to
maintain a certain percentage of the rate of roll that would be obtalned
with a rigid wing. This solution is easily effected by a slight rearrange—
ment of the lagt several columns of teble I, as shown in the table.

As an example of the type of data obtained from the use of the
figures and the computation form, figure 12 shows the results of some
computations for a typical free—flight research model.

CONCLUDING REMARKS

An analysis has been presented of the problem of the loss in rolling
effectiveness at supersonic flight speeds for the case of the rectangular
wing. The effects of the loss in 1ift in the various Mach cones were
considered in the analysis, and equations were obtained for two assumed
variations of the spanwise distribution of torsional stiffness.

A computation form and figures were prepared; with the aid of these,
caloulations can be made without the necessity of referring to the detalls
of the analysis.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics
Tangley Fleld, Va., September 21, 1948
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 APPENDIX
ROILING MOMENT RESULTING FROM PARABOLIC TWIST

If the pressure distribution over the twisted wing can be found,
this pressure distribution may be Integrated to give the rolling moment.
Perhaps the most direct way to find the pressure distribution for the
particular case in the present paper is to consider the twisted wing to
be represented by a distributlion of sources and sinks, so that the
pressure distribution can be found by use of the methods of references 6
and 7.

In general, only one wing panel need be considered (see fig. 13).
The distribution of vertical velocity along the span of this panel is

Just W2ﬂ2: where Vs is a constant; on the other panel the distribution

is — weng. At any point located between the Mach cones from the tip and

center of the wing (see fig. 13(a)), the velocity potential on one surface
18 gilven Dby

Y pt&y _ : ﬂ3 §3
Yo 2 Ws -2 '
B (x3) = - = n“f(g,m) dt dn — n°f(&,n) d& an (A1)

7]10 ¥
where

~1/2
£(E,m) = [(x -t )2 - 8%y - n)2]

At any point located within the tip Mach cone, the velocity potential is
given by
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,(xy) = ¢ (x,5) + -2 n2e(t,n) @& dy

noe(E,m) de dn (h2)

Ll

where the last two terms represent the effect of the finite tip. At any
point within the Mach cone from the center of the wing, the velocity
potential is

0 gl
g,(x,y) = §,(x3) + 2 n2(E,n) a8 an (83)

n, Y0

where the last term represents the effect of the opposite wing panel.

If a pressure coefficient is defined as

(!
il
Q |Hd

(A4)

where P is the lifting pressure, then

"~ 75 (A5)
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A3

When equations (Al), (A2), and (A3) are substituted in equation (45)
and the indicated operations are performed, the pressure distribution
over the region between the Mach cones from the tip and center of the
wing becomes

W 2 2
2 2x +l{.By2
¢ == _ T J A6

the pressure distribution over the part of the wing within the tip Mach
cone is given by

Yo lox® + 4p2y2® -1 2By — 2Bs + x
¢, =—=|——————cos8 - -
P vV 3 - X
p
4By + 4Bs — 2x 2
- Py ' x2_—-52<%y - 28 + E) (AT)
3 B
B .
and in the center Mach cone the pressure distribution is
W 22 2
Cp. = -—s_ __lgy x2 — poy° 4 8py +x° sin ™+ E}-CZ (A8)
3 ™8 53 :
Now the rolling moment of one wing panel is simply
11 ,
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where the integration 1s taken over the area of the panel. The limlts
of integration are shown in figure 13(b). Equation (A9) becomes

c px/B \C s—% c 8
1.
—i = C,y dy dx + | - C.ydy dx + C, ¥y dy dx (Al0)
D p by
q 3 1
0 Yo 0 Ux/B 0 Ug—

™I

These integrations, which, although tedlous, can be carried out with the
help of a table of integrals, give

2 n 32 B 1280 g2

The total rolling-moment coefficient is found by multiplying by 2 (for
two panels) and dividing by Sb = 4s2c. After a little simplification,
the coefficient becomes

_"’gb21 2 5 1 1 1 1 1
T T A TR I Z 23 Bt |

which is equation (19).
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TABLE IT
B AND Bq AS FUNCTIONS OF M
Bq for various altitudes
P 0 10,000 ££|20,000 £t jo,ooo £t|40,000 ££|50,000 £t|60,000 £t
1.1{0.458] 81| 564 377 ol 152 9k 59
1.2} .663] 1,k1% 973 650 L20 262 162 101
1.3] .831f 2,080 1,430 956 617 386 239 148
1.4 .980| 2,845 1,956 1,307 845 527 327" 203
1.5(1.118] 3,726| 2,562 1,712 1,106 690 428 266
1.6[1.249| 4,736 3,256 2,176 1,k05 877» 545 337
1.7]1.375] 5,886] L,0u7 2,705 1,746 1,090 677 k19
1.8]1.497( 7,184| Lk,9k0 3,301 2,132 1,331 825 512
1.9{1.616] 8,6k1| 5,942 3,971 2,565 1,600 992 616
2.0(1.732|10,262| 7,056 k,715 3,045 1,900 1179 731
2.5[2.290|21,201| 14,578 9,739 6,293 3,925 2437 1511
3.0]2.828 37,760 25,92k 17,322 | 11,188 6,982 4332 2687
3.5(3.355(60,876} 41,860 27,967 18,067 11,273 6995 L3k
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0

Figure 1.- The configuration investigated.
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" Figure 4.- Variation of dynamic-pressure ratio with altitude at constant
Mach number.
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Figure 7.- Trailing- edge-angle reduction factor. (From reference 3.
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Figure 12.- Results of computations for a typical free-flight research

C .
model at sea level. A = k; -E- = 1.0; —f- = 0.2; b = 2 feet;
mg = 5000 foot-pounds per radian; and tralling-edge angle = 8%. .
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Figure 13.~ The single wing panel cons#dered in the appendix.



